On sharp triangle inequalities in Banach spaces  by Mitani, Ken-Ichi et al.
J. Math. Anal. Appl. 336 (2007) 1178–1186
www.elsevier.com/locate/jmaa
On sharp triangle inequalities in Banach spaces ✩
Ken-Ichi Mitani a, Kichi-Suke Saito b,∗, Mikio Kato c, Takayuki Tamura d
a Department of Mathematics and Information Science, Graduate School of Science and Technology,
Niigata University, Niigata 950-2181, Japan
b Department of Mathematics, Faculty of Science, Niigata University, Niigata 950-2181, Japan
c Department of Mathematics, Kyushu Institute of Technology, Kitakyushu 804-8550, Japan
d Graduate School of Social Sciences and Humanities, Chiba University, Chiba 263-8522, Japan
Received 12 December 2006
Available online 20 March 2007
Submitted by J. Bastero
Abstract
We shall present a couple of norm inequalities which will much improve the sharp triangle inequality
with n elements and its reverse inequality in a Banach space shown recently by the last three authors.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and results
The triangle inequality is one of the most fundamental inequalities in analysis and have been
treated by many authors (e.g., [1–3,8–10], etc.). Recently Kato, Saito and Tamura [5] showed the
following sharp triangle inequality and its reverse inequality with n elements in a Banach space.
Theorem A. (See [5].) For all nonzero elements x1, x2, . . . , xn in a Banach space X,
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∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥+
(
n −
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥
)
min
1jn
‖xj‖

n∑
j=1
‖xj‖ (1)

∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥+
(
n −
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥
)
max
1jn
‖xj‖. (2)
As the case n = 2 we have the following.
Theorem B. For all nonzero elements x, y in a Banach space X with ‖x‖ ‖y‖,
‖x + y‖ +
(
2 −
∥∥∥∥ x‖x‖ + y‖y‖
∥∥∥∥
)
‖y‖
 ‖x‖ + ‖y‖ (3)
 ‖x + y‖ +
(
2 −
∥∥∥∥ x‖x‖ + y‖y‖
∥∥∥∥
)
‖x‖. (4)
The first inequality with two elements (3) was given earlier in Hudzik and Landes [4] (see
Lemma 3 below); the inequalities (3) and (4) are also found in a recent paper of Maligranda [7],
while the above Theorem A was presented in [5] independently to treat the uniform non-n1-ness
of Banach spaces (cf. [5,6]).
In the present paper we shall show the following inequalities which are sharper than the above
inequalities.
Theorem 1. For all nonzero elements x1, . . . , xn in a Banach space X, n 2,∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥+
n∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
x∗j
‖x∗j ‖
∥∥∥∥∥
)(∥∥x∗k∥∥− ∥∥x∗k+1∥∥)

n∑
j=1
‖xj‖ (5)

∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥−
n∑
k=2
(
k −
∥∥∥∥∥
n∑
j=n−(k−1)
x∗j
‖x∗j ‖
∥∥∥∥∥
)(∥∥x∗n−k∥∥− ∥∥x∗n−(k−1)∥∥), (6)
where x∗1 , x∗2 , . . . , x∗n are the rearrangement of x1, x2, . . . , xn satisfying ‖x∗1‖  ‖x∗2‖ · · · ‖x∗n‖, and x∗0 = x∗n+1 = 0.
As the case n = 2 Theorem 1 includes Theorem B. To see explicitly that Theorem 1 refines
Theorem A we reformulate Theorem 1 as follows.
Theorem 1a. For all nonzero elements x1, . . . , xn in a Banach space X, n 3,∥∥∥∥∥
n∑
xj
∥∥∥∥∥+
(
n −
∥∥∥∥∥
n∑ x∗j
‖x∗j ‖
∥∥∥∥∥
)∥∥x∗n∥∥+
n−1∑(
k −
∥∥∥∥∥
k∑ x∗j
‖x∗j ‖
∥∥∥∥∥
)(∥∥x∗k∥∥− ∥∥x∗k+1∥∥)j=1 j=1 k=2 j=1
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n∑
j=1
‖xj‖ (7)

∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥+
(
n −
∥∥∥∥∥
n∑
j=1
x∗j
‖x∗j ‖
∥∥∥∥∥
)∥∥x∗1∥∥
−
n−1∑
k=2
(
k −
∥∥∥∥∥
n∑
j=n−(k−1)
x∗j
‖x∗j ‖
∥∥∥∥∥
)(∥∥x∗n−k∥∥− ∥∥x∗n−(k−1)∥∥), (8)
where x∗1 , x∗2 , . . . , x∗n are the rearrangement of x1, x2, . . . , xn satisfying ‖x∗1‖  ‖x∗2‖ · · · ‖x∗n‖.
In the case of n = 3 we have the following inequalities which will be used to prove the general
n element case of Theorem 1.
Theorem 2. For all nonzero elements x, y, z in a Banach space X with ‖x‖ ‖y‖ ‖z‖,
‖x + y + z‖ +
(
3 −
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥
)
‖z‖ +
(
2 −
∥∥∥∥ x‖x‖ + y‖y‖
∥∥∥∥
)(‖y‖ − ‖z‖)
 ‖x‖ + ‖y‖ + ‖z‖ (9)
 ‖x + y + z‖ +
(
3 −
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥
)
‖x‖
−
(
2 −
∥∥∥∥ y‖y‖ + z‖z‖
∥∥∥∥
)(‖x‖ − ‖y‖). (10)
2. Proof of Theorem 2
Let ‖x‖ ‖y‖ ‖z‖ > 0. We first show the inequality (9). If ‖x‖ = ‖y‖ = ‖z‖, (9) is obvi-
ous. Therefore we may assume this is not the case. Let
u = (‖x‖ − ‖z‖) x‖x‖ and v =
(‖y‖ − ‖z‖) y‖y‖ . (11)
Then ‖u‖ ‖v‖ and
x + y + z = ‖z‖
(
x
‖x‖ +
y
‖y‖ +
z
‖z‖
)
+ u + v. (12)
Consider first the case when v = 0. Then by Theorem B we have
‖u + v‖ ‖u‖ + ‖v‖ −
(
2 −
∥∥∥∥ u‖u‖ + v‖v‖
∥∥∥∥
)
min
{‖u‖,‖v‖}. (13)
As ‖u‖ ‖v‖ and∥∥∥∥ u‖u‖ + v‖v‖
∥∥∥∥=
∥∥∥∥ x‖x‖ + y‖y‖
∥∥∥∥,
we have by (12) and (13)
K.-I. Mitani et al. / J. Math. Anal. Appl. 336 (2007) 1178–1186 1181‖x + y + z‖ ‖z‖
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥+ ‖u + v‖
 ‖z‖
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥+ ‖u‖ + ‖v‖ −
(
2 −
∥∥∥∥ u‖u‖ + v‖v‖
∥∥∥∥
)
‖v‖
= ‖z‖
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥+ (‖x‖ − ‖z‖)+ (‖y‖ − ‖z‖)
+ (‖z‖ − ‖z‖)−(2 − ∥∥∥∥ x‖x‖ + y‖y‖
∥∥∥∥
)(‖y‖ − ‖z‖)
= ‖x‖ + ‖y‖ + ‖z‖ −
(
3 −
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥
)
‖z‖
−
(
2 −
∥∥∥∥ x‖x‖ + y‖y‖
∥∥∥∥
)(‖y‖ − ‖z‖),
which implies the inequality (9). In the case of v = 0, as ‖y‖ = ‖z‖, we have by (12)
‖x + y + z‖ ‖z‖
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥+ ‖x‖ − ‖z‖
= ‖x‖ + ‖y‖ + ‖z‖ −
(
3 −
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥
)
‖z‖
−
(
2 −
∥∥∥∥ x‖y‖ + y‖y‖
∥∥∥∥
)(‖y‖ − ‖z‖),
and hence (9).
We next show the inequality (10). If ‖x‖ = ‖y‖ = ‖z‖, (10) is trivial. Therefore we assume
this is not the case. Let
p = (‖x‖ − ‖y‖) y‖y‖ and q =
(‖x‖ − ‖z‖) z‖z‖ . (14)
Then ‖p‖ ‖q‖ and
x + y + z = ‖x‖
(
x
‖x‖ +
y
‖y‖ +
z
‖z‖
)
− (p + q). (15)
Consider first the case when p = 0. Then since∥∥∥∥ p‖p‖ + q‖q‖
∥∥∥∥=
∥∥∥∥ y‖y‖ + z‖z‖
∥∥∥∥,
we have by (15) and Theorem B
‖x + y + z‖ ‖x‖
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥− ‖p + q‖
 ‖x‖
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥−
{(‖p‖ + ‖q‖)−(2 − ∥∥∥∥ p‖p‖ + q‖q‖
∥∥∥∥
)
‖p‖
}
 ‖x‖
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥−
{(‖x‖ − ‖x‖)+ (‖x‖ − ‖y‖)
+ (‖x‖ − ‖z‖)−(2 − ∥∥∥∥ y + z
∥∥∥∥
)(‖x‖ − ‖y‖)}‖y‖ ‖z‖
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(
3 −
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥
)
‖x‖
+
(
2 −
∥∥∥∥ y‖y‖ + z‖z‖
∥∥∥∥
)(‖x‖ − ‖y‖),
which implies (10). In the case of p = 0 we have ‖x‖ = ‖y‖, and so, by (15)
‖x + y + z‖ ‖x‖
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥− (‖x‖ − ‖z‖)
= ‖x‖ + ‖y‖ + ‖z‖ −
(
3 −
∥∥∥∥ x‖x‖ + y‖y‖ + z‖z‖
∥∥∥∥
)
‖x‖
+
(
2 −
∥∥∥∥ y‖y‖ + z‖z‖
∥∥∥∥
)(‖x‖ − ‖y‖),
which implies the inequality (10). This completes the proof. 
3. Proof of Theorem 1
To prove Theorem 1 we may assume that ‖x1‖ ‖x2‖ · · · ‖xn‖; that is, we shall prove
Theorem 1bis. For all nonzero elements x1, . . . , xn in a Banach space X with ‖x1‖  ‖x2‖ 
· · · ‖xn‖∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥+
n∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xk‖ − ‖xk+1‖)

n∑
j=1
‖xj‖ (16)

∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥−
n∑
k=2
(
k −
∥∥∥∥∥
n∑
j=n−(k−1)
xj
‖xj‖
∥∥∥∥∥
)(‖xn−k‖ − ‖xn−(k−1)‖), (17)
where x0 = xn+1 = 0.
Proof. According to Theorems B and 2 the inequalities (16) and (17) are valid for the cases
n = 2,3. Therefore let n  4. First we shall prove the inequality (16) by induction. Assume
that the inequality (16) holds true for all nonzero elements in X less than n. Let x1, . . . , xn be
any n elements in X with ‖x1‖  ‖x2‖  · · ·  ‖xn‖ > 0. If ‖x1‖ = ‖x2‖ = · · · = ‖xn‖, the
inequality (16) is valid by Theorem A. Therefore we may assume this is not the case. Let
uj =
(‖xj‖ − ‖xn‖) xj‖xj‖ , 1 j  n. (18)
Then
n∑
xj = ‖xn‖
n∑ xj
‖xj‖ +
n−1∑
uj . (19)
j=1 j=1 j=1
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Then
‖u1‖ · · · ‖um‖ > ‖um+1‖ = · · · = ‖un‖ = 0. (20)
Assume m = 1. Since ‖x2‖ = · · · = ‖xn−1‖ = ‖xn‖ and ‖x1‖ > ‖x2‖ by assumption, we have
by (19)∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥ ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+
n−1∑
j=1
(‖xj‖ − ‖xn‖)
= ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+ ‖x1‖ − ‖xn‖
= ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+
n∑
j=1
‖xj‖ − n‖xn‖
=
n∑
j=1
‖xj‖ −
(
n −
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥
)
‖xn‖,
which is just the inequality (16) as all the terms other than k = n in the left-hand side of (16)
vanish and xn+1 = 0. Assume m = 2. Since ‖x3‖ = · · · = ‖xn‖ and ∑nj=3 ‖xj‖ = (n − 2)‖xn‖,
we have by (19) and Theorem B∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥ ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+ ‖u1 + u2‖
 ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+ ‖u1‖ + ‖u2‖ −
(
2 −
∥∥∥∥ u1‖u1‖ +
u2
‖u2‖
∥∥∥∥
)
‖u2‖
= ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+ ‖x1‖ + ‖x2‖ − 2‖xn‖
−
(
2 −
∥∥∥∥ x1‖x1‖ +
x2
‖x2‖
∥∥∥∥
)(‖x2‖ − ‖xn‖)
= ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+
n∑
j=1
‖xj‖ − n‖xn‖
−
(
2 −
∥∥∥∥ x1‖x1‖ +
x2
‖x2‖
∥∥∥∥
)(‖x2‖ − ‖xn‖)
=
n∑
j=1
‖xj‖ −
(
n −
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥
)
‖xn‖
−
(
2 −
∥∥∥∥ x1‖x1‖ +
x2
‖x2‖
∥∥∥∥
)(‖x2‖ − ‖x3‖),
which is just (16) in the case of m = 2. We next assume that 3m n − 1. From the inductive
assumption that the inequality (16) holds for any system of k elements with k m − 1 we have
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∥∥∥∥∥
m∑
j=1
uj
∥∥∥∥∥
m∑
j=1
‖uj‖ −
(
m −
∥∥∥∥∥
m∑
j=1
uj
‖uj‖
∥∥∥∥∥
)
‖um‖
−
m−1∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
uj
‖uj‖
∥∥∥∥∥
)(‖uk‖ − ‖uk+1‖). (21)
Since ‖uk‖ − ‖uk+1‖ = (‖xk‖ − ‖xn‖) − (‖xk+1‖ − ‖xn‖) = ‖xk‖ − ‖xk+1‖, we have by (19)
and (21)∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥ ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+
∥∥∥∥∥
n−1∑
j=1
uj
∥∥∥∥∥
= ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+
∥∥∥∥∥
m∑
j=1
uj
∥∥∥∥∥
 ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+
m∑
j=1
‖uj‖ −
(
m −
∥∥∥∥∥
m∑
j=1
uj
‖uj‖
∥∥∥∥∥
)
‖um‖
−
m−1∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
uj
‖uj‖
∥∥∥∥∥
)(‖uk‖ − ‖uk+1‖)
= ‖xn‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥+
n∑
j=1
(‖xj‖ − ‖xn‖)−
(
m −
∥∥∥∥∥
m∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xm‖ − ‖xn‖)
−
m−1∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xk‖ − ‖xk+1‖)
=
n∑
j=1
‖xj‖ −
(
n −
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥
)
‖xn‖ −
(
m −
∥∥∥∥∥
m∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xm‖ − ‖xn‖)
−
m−1∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xk‖ − ‖xk+1‖).
Since(
m −
∥∥∥∥∥
m∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xm‖ − ‖xn‖)= n−1∑
k=m
(
k −
∥∥∥∥∥
k∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xk‖ − ‖xk+1‖),
we have∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥

n∑
‖xj‖ −
(
n −
∥∥∥∥∥
n∑ xj
‖xj‖
∥∥∥∥∥
)
‖xn‖ −
n−1∑(
k−
∥∥∥∥∥
k∑ xj
‖xj‖
∥∥∥∥∥
)(‖xk‖ − ‖xk+1‖)j=1 j=1 k=m j=1
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m−1∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xk‖ − ‖xk+1‖)
=
n∑
j=1
‖xj‖ −
(
n −
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥
)
‖xn‖ −
n−1∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xk‖ − ‖xk+1‖)
=
n∑
j=1
‖xj‖ −
n∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
xj
‖xj‖
∥∥∥∥∥
)(‖xk‖ − ‖xk+1‖),
or (16). Thus the inequality (16) holds true for all finitely many elements in X.
Next we shall show the inequality (17). As before we assume that ‖x1‖ = · · · = ‖xn‖ is not
the case. Let
vj =
(‖x1‖ − ‖xn−j+1‖) xn−j+1‖xn−j+1‖ , 1 j  n − 1. (22)
Then
n∑
j=1
xj = ‖x1‖
n∑
j=1
xj
‖xj‖ −
n−1∑
j=1
vj . (23)
Let m be the positive integer with 1m n−1 such that ‖x1‖ = · · · = ‖xm‖ > ‖xm+1‖ · · ·
‖xn‖ > 0. Then
‖v1‖ · · · ‖vn−m‖ > ‖vn−m+1‖ = · · · = ‖vn−1‖ = 0. (24)
Let m = n − 1. Then by (23)∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥ ‖x1‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥− (‖x1‖ − ‖xn‖)
= ‖x1‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥−
(
n‖x1‖ −
n∑
j=1
‖xj‖
)
=
n∑
j=1
‖xj‖ −
(
n −
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥
)
‖x1‖,
which implies the inequality (17) (note that all the terms in the right side of (17) vanish other
than k = n). Let m n − 2. Then applying the inequality (16) to v1, . . . , vn−m, we have∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥ ‖x1‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥−
∥∥∥∥∥
n−1∑
j=1
vj
∥∥∥∥∥
= ‖x1‖
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥−
∥∥∥∥∥
n−m∑
j=1
vj
∥∥∥∥∥
 ‖x1‖
∥∥∥∥∥
n∑ xj
‖xj‖
∥∥∥∥∥−
n−m∑
‖vj‖ +
n−m∑(
k −
∥∥∥∥∥
k∑ vj
‖vj‖
∥∥∥∥∥
)(‖vk‖ − ‖vk+1‖)j=1 j=1 k=2 j=1
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∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥−
n−1∑
j=1
‖vj‖ +
n−1∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
vj
‖vj‖
∥∥∥∥∥
)(‖vk‖ − ‖vk+1‖)
=
n∑
j=1
‖xj‖ − ‖x1‖
(
n −
∥∥∥∥∥
n∑
j=1
xj
‖xj‖
∥∥∥∥∥
)
−
n−1∑
k=2
(
k −
∥∥∥∥∥
k∑
j=1
xn−j+1
‖xn−j+1‖
∥∥∥∥∥
)(‖xn−k+1‖ − ‖xn−k‖)
=
n∑
j=1
‖xj‖ −
n∑
k=2
(
k −
∥∥∥∥∥
n∑
j=n−(k−1)
xj
‖xj‖
∥∥∥∥∥
)(‖xn−k+1‖ − ‖xn−k‖),
or the inequality (17). This completes the proof. 
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